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Plasmonic distributed-feedback lasers based on a two-dimensional periodic array of metallic nanos-
tructures are the main candidate for nanoscale sources of coherent electromagnetic field. Strong
localization of the electromagnetic field and the large radiation surface are good opportunities for
achieving an ultrashort response time to the external actions and creating beam directionality. At
the same time, the investigation of such a system is a challenging problem. In this paper, we present
an exhaustive study of the operation of a two-dimensional plasmonic distributed-feedback laser. We
show that the complex structure of the modes of a periodic plasmonic array and the nonlinear
interaction between the modes through the active medium lead to a new effect, namely, mode co-
operation. Mode cooperation is manifested as the generation of the modes in an allowed band with
a high threshold instead of modes localized near the band gap with a low threshold. Suppression of
lasing of the modes at the edge of the band gap results in widening of the radiation pattern above
the generation threshold. This paves the way for effective control and manipulation of the radiation
pattern of nanoscale systems, which is of great importance for applications in spectroscopy and
optoelectronics.
I. INTRODUCTION
The creation of nanosized sources of coherent radiation
is a challenging problem in modern laser science [1, 2].
The size of ordinary lasers is constrained by the diffrac-
tion limit. To overcome this, it has been proposed to use
metallic nanostructures as laser cavities [3, 4] with reso-
nance plasmonic excitations as cavity modes. In the last
decade, substantial progress has been achieved in creat-
ing and investigating lasers based on plasmonic nanos-
tructures, such as metallic nanoparticles [5, 6], waveg-
uides [7–11], etc. To enhance feedback and obtain beam
directionality and a narrow radiation pattern it has been
suggested to use periodic metallic structures. The peri-
odicity leads to the formation of allowed and forbidden
bands for the electromagnetic field. The electromagnetic
field in periodic structures is presented as a superposi-
tion of Bloch modes with frequencies belonging to an al-
lowed band and wavenumbers from 0 to 2pi/L, where L is
the system’s period [12, 13]. These Bloch modes are dis-
tributed throughout the resonator. The interaction of the
Bloch modes with the active medium creates positive dis-
tributed feedback [14–26]. Such plasmonic distributed-
feedback (DFB) lasers have been realized in a series of ex-
periments, where periodic plasmonic structures, such as
metallic films perforated by holes [15–19, 27, 28] or two-
dimensional arrays of plasmonic nanoparticles [14, 21–
24, 26, 29–32] play the role of the resonator.
Plasmonic DFB lasers are very promising for a wide
range of applications, from sensing and bioimaging to
optoelectronics [2]. For spectroscopic and optoelectronic
applications, it is necessary that a laser has a narrow
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tunable radiation pattern. The radiation pattern of a
plasmonic DFB laser is created by the radiation pattern
of the Bloch modes which propagate along the plane of
the surface of the DFB laser. Standard qualitative ar-
guments predict that a DFB laser has to radiate in a
narrow cone close to the normal direction. Indeed, the
radiation angle of these modes as well as their radiation
losses depend on the ratio of the Bloch wavenumber to
the free space wavenumber [17]. For eigenmodes at the
edge of a band gap, this ratio tends to zero, and such
modes radiate close to the normal direction of the DFB
laser surface while modes in the allowed band radiate
at a nonzero angle. In the vicinity of the edge of the
band gap, there are modes for which the radiation losses
are the smallest [33, 34]. These modes have the lowest
generation threshold and have to be generated with the
highest amplitude. This should lead to radiation in a nar-
row cone close to the normal direction, and prevent the
tunability of the radiation pattern. However, recent ex-
periments [31] show much more complex behavior of the
radiation pattern, which cannot be explained by these
qualitative arguments.
In the present paper, combining comprehensive numer-
ical simulations with a simple analytical model, we show
that the complex structure of the modes of a periodic
plasmonic lattice and the nonlinear interaction between
modes through the active medium lead to a new effect,
called mode cooperation. This effect appears as a growth
of stimulated emission in the modes in the allowed band
with a high threshold instead of the modes localized near
the band gap with a low threshold. Mode cooperation
is the opposite of the mode competition in usual lasers.
Suppression of the lasing of the modes near the band gap
results in the widening of the radiation pattern above
the generation threshold. We show that mode coopera-
tion depends strongly on the density of states of the sys-
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2tem. We also demonstrate that mode cooperation takes
place for two-dimensional DFB lasers and does not ap-
pear in one-dimensional ones. Mode cooperation gives
the opportunity for effective control and manipulation of
the radiation pattern of nanolaser systems, which can be
widely applied in spectroscopy and optoelectronics.
II. THE MODEL FOR DESCRIBING THE
DYNAMICS OF A PLASMONIC DFB LASER
The description of the dynamics of the electromagnetic
field of a periodic plasmonic lattice and the atoms of
the active medium (see Fig. 1) is based on the approach
which has been proposed in [35] for considering ultrafast
phenomena in dispersive dissipative media. The basis of
this approach is the description of the collective dynam-
ics of the photon number in each mode, the population
inversion of each atom, and the energy flows between
the different modes through the active medium. For the
system under consideration, this approach leads to the
FIG. 1. A sketch of 2D plasmonic DFB laser consisting of two
layers and the radiation pattern created by the laser. The first
layer is a gold film perforated by an array of nanoholes and
the second layer is an active medium located beneath the gold
film.
following equations (see Note 1, 4 in Suppl. Mat.)
dnjj
dt
= −2γjnjj +
∑
m
|Ωjm|2γσj
|∆j |2
(2njjDm +Dm + 1) +
(1)
+
∑
m,k,k 6=j
(
ΩjmΩ
∗
kmnjk
∆j
+ c.c.
)
Dm
dnjl
dt
= − (γj + γl)njl + i (ωj − ωl)njl+ (2)
+
∑
m
(
ΩlmΩ
∗
jm (Dm + 1) (∆j + ∆
∗
l )
2∆j∆∗l
)
+
+
∑
m,k,k 6=j
(
ΩlmΩ
∗
kmnjk
∆j
+
ΩkmΩ
∗
jmnlk
∆∗l
)
Dm
dDm
dt
= −γD (1 +Dm) + γpump (1−Dm)− (3)
−2
∑
j
|Ωjm|2γσj
|∆j |2
(2njjDm +Dm + 1)−
−2
∑
j,k,k 6=j
(
ΩjmΩ
∗
kmnjk
∆j
+ c.c.
)
Dm
Here, njj is the photon number in the jth mode, and njl
is an interference term responsible for the flow of pho-
tons from the lth cavity mode to the jth cavity mode
when j 6= l. Dm is the mean value of the popula-
tion inversion of the mth atom. The parameters ωi,
γi correspond to the real and imaginary parts of the
modes’ eigenfrequencies (see Note 2 in Suppl. Mat.);
ωσ, γph, γD γpump are the atom transition frequency and
atom rates of energy relaxation, phase relaxation, and
pumping, respectively. ∆j = γσj − i (ωj − ωσ), where
γσj = γph + γj + (γD + γpump) /2. Ωjm is the Rabi con-
stant of interaction between the jth mode and the mth
atom (See Note 3 in Suppl. Mat.). These equations gen-
eralize the rate equations widely used in laser theory.
In addition to the dynamics of the photon number in
each mode and the population inversion of each atom,
they describe additional energy flows between the active
medium and the atoms. Such energy flows arise from the
stimulated emission generated by interference terms, njl.
The energy flows are described by the last terms in
Eqs. (1)–(3) and strongly depend on the spatial overlap of
the plasmonic lattice modes in the active medium region.
Indeed, the last terms in Eqs. (1)–(3) are proportional to∑
m,k,k 6=j
(
ΩjmΩ
∗
kmnjk
∆j
+ c.c.
)
Dm =
=
∑
k,k 6=j
njk
∆j
∑
m
(ΩjmΩ
∗
kmDm + c.c.) ∼
∼ ∑
k,k 6=j
njkD¯
∆j
∫
Vgain
(E∗k (r)Ej (r) + c.c.) dV
(4)
where the range of integration coincides with the pump
area, D¯ is the characteristic value of the population in-
version in the active medium, and the njk play role of
3the interference terms of the electromagnetic field [35].
When the active medium is pumped uniformly over the
whole volume, these energy flows are equal to zero due
to the orthogonality of the modes. In such a case, the
best lasing condition is for the mode with the smallest
dissipation and the highest constant of interaction with
the active medium [36]. However, when only part of
the active medium is pumped, the interference terms are
nonzero and energy flows become essential. Such energy
flows take their maximum values for the modes which
are maximally overlapped in the region where the active
medium is located. As we show below, these terms are
crucial for two-dimensional plasmonic lasers with inho-
mogeneous pumping.
III. RESULTS AND DISCUSSION
A. Lasing curve and the radiation pattern of
two-dimensional plasmonic DFB laser
We now consider the 2D plasmonic DFB laser with
cavity based on Au film perforated by a periodic array of
nanosized holes, see Fig. 1. To find the eigenmodes of the
plasmonic periodic nanostructure, we used the coupled-
mode theory with the experimental values of the scat-
tering rates (see [17] and Note 2 in Suppl. Mat.). The
dispersion curve of this system is shown in Fig. 2a. There
are several band gaps in investigated wavelength range.
Waves with a wavelength belonging to band gaps cannot
propagate along the structure. At the edge of a band gap,
there are dark modes with Bloch wavevector kB = (0, 0).
Such modes do not radiate and, thus, have the lowest dis-
sipation rates. Other modes in allowed band with k 6= 0
radiate at angle sin θ = k/(2pi/λ0), where λ0 = 2pic/ω.
The active medium is located beneath the surface of the
metallic film. We suppose that the width of the ac-
tive medium transition line covers whole investigated fre-
quency range, see Fig 2b. This condition is typical for
experiments [17, 18].
We consider the case when the pump beam is focused
to a finite spot on the plasmonic laser surface [14–26].
In the pump area, the population inversion is positive,
whereas beyond the pump area it remains negative [14].
The electromagnetic field, in turn, is amplified inside
the pump area until its amplitude reaches the station-
ary value. However, beyond the pump area amplitudes
of the electromagnetic waves exponentially decrease at
a distance from active region. This structure is simi-
lar to one investigated in the papers [15, 17–19]. The
mode competition in a multimode laser usually leads to
suppression of lasing in modes with a high pump thresh-
old [8, 37, 38]. For this reason, we can expect that the
lasing could be observed in dark modes. The photon
number in these modes would be much higher than in
other modes. In this case, the radiation of the DFB laser
is rather small.
The main results of numerical simulations of Eqs. (1)–
(3) are shown in Figs. 3–4. The dependence of the total
output electromagnetic field intensity on the input pump
power is shown in Fig. 3. It is seen that the output in-
tensity demonstrates threshold behavior, see green points
in Fig. 3. The distribution of the photon number below
and above the pumping threshold over the modes with
different values of the Bloch wavevector kB = (kx, ky)
is shown in Figs. 4 (a) and (b), respectively. On one
hand, below the threshold the photon number is maxi-
mal for the dark mode at the edge of a band gap with low
dissipation rates, see Fig. 4a. The photon number mono-
tonically decreases when the mode frequency moves from
the edge of the band gap to the allowed band. In other
words, the excitation is maximal for the dark modes with
kB = (0, 0). This result is expected from the qualitative
considerations.
On the other hand, the situation dramatically changes
above the threshold. The maximum of the photon num-
ber is observed for the modes which lie in the allowed
band, see Fig. 4b. Such behavior contradicts the intu-
itive expectations. Usually, the modes with the lowest
threshold have a maximal field amplitude. However, in
investigated two-dimensional plasmonic DFB laser the
modes, which lie inside the allowed band and have higher
dissipation rates due to radiation, have maximal ampli-
tudes. Thus, stimulated emission is primarily in bright
modes with kB 6= (0, 0).
In Fig. 3, we also show the ratio of the photon number
in the mode at the edge of the band gap to the total
photon number in all modes (blue points in Fig. 3). It is
seen that this ratio decreases from maximal value below
the threshold to a constant value above the threshold.
This corresponds to the fact that above the threshold an
essential part of the total output intensity is produced by
the bright modes. Transition from spontaneous emission
in dark modes to lasing in bright ones leads to both a
sharp increase of the photon number and the radiation
power.
Thus, below the generation threshold, when the main
contribution in laser output is produced by spontaneous
transitions of atoms of the active medium, the photon
number is maximal in the dark mode at the edge of a
band gap. At the same time, above the threshold, when
the stimulated emission dominates, the maximum photon
number is in the bright modes lying inside the allowed
band.
B. The mode cooperation
The described situation is unusual for lasers. Conven-
tionally the modes with the lowest generation threshold
has a maximum photon number. In the previous sec-
tion, we have seen that this behavior takes place only
under the generation threshold. The reason can be re-
vealed through a simple system which consists of three
modes with eigenfrequencies ω2 = ω3, |ω1 − ω2|  γ2
and dissipation rates γ1 < γ2 = γ3 which interact with
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FIG. 2. (a) The dispersion curve of the 2D plasmonic DFB laser. The surface area of Au film is L × L = 190 × 190µm2.
The step of quantization of Bloch wavenumber δkB = pi/L. (b) The quality factor of eigenmodes. The green line is an atomic
emission line.
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FIG. 3. The dependence of output power (green points) and
the ratio of the photon number in the mode at the edge of
a band gap to the total photon number in all modes R00 =
n (kBx = 0, kBy = 0) /
∑
i
nii (blue points) on the input power.
the active medium. The second and third modes differ
in the field distribution. For simplicity we suppose that
γph  γj , γD, γpump, |ω1 − ω2| and the population inver-
sions of all atoms are the same. In such a case, Eqs.
(1)–(3) can be simplified and take the form
dn11
dt
= −2γ1n11 + Γ
2
γph
(D + 1) +
2Γ2
γph
n11D (5)
dn22
dt
= −2γ2n22 + Γ
2
γph
(D + 1) + (6)
+
2Γ2
γph
n22D +
2Γ223
γph
n23D
dn23
dt
= − (γ2 + γ3)n23 + Γ
2
23
γph
(D + 1) + (7)
+
2Γ2
γph
n23D +
2Γ223
γph
n22D
dD
dt
= −γD (1 +D) + γpump (1−D)− 6Γ
2
Natγph
(D + 1)−
(8)
− 2D
Nat
(
2Γ2
γph
(n11 + n22 + n33)
)
− 2D
Nat
(
2Γ223n23
γph
+ c.c.
)
where Γ2 =
Nat∑
m=1
Ω∗jmΩjm is a net interaction constant of
the active medium with field of these three modes and
Γ223 =
Nat∑
m=1
Ω∗2mΩ3m is an overlap integral of the second
and third modes, and Nat is the number of atoms in the
system. Here we neglect the interference terms between
the first and other modes (i.e. the terms n12 , n13 ) due
to |ω1 − ω2|  γ2.
In the steady-state, the photon number in the first and
second modes is given by
nst11 =
1
2
Γ2
γ1γph
Dst + 1
1− Γ2γ1γphDst
(9)
nst22 = n
st
33 =
1
2
Γ2eff
γ2γph
Dst + 1
1− Γ
2
eff
γ2γph
Dst
(10)
5FIG. 4. The mode distribution of the photon number below (a) and above (b) the pump threshold.
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FIG. 5. The dependence of the photon number in the first
(blue solid line) and second (red dashed line) modes on pump
intensity calculating from Eqs. (5) – (8). Here γ1 = 10
−4ωσ;
γ2,3 = 1.5 × 10−4ωσ; γD = 10−6ωσ; Γ2/γph = 10−3ωσ;
Γ223/γph = 7×10−4ωσ and Nat = 104, where ωσ is a transition
frequency of atoms of the active medium.
where
Γ2eff = Γ
2 +
Γ423
γ2γph
Dst
1− Γ2γ2γphDst
(11)
is an effective coupling-constant between the second
mode and the active medium.
An increase of the pumping rate γpump leads to the
rise of the population inversion D, see Eq. (8). This re-
sults in a growth of the effective coupling-constant, Γeff .
From Eqs. (9)–(10) it is seen that when Γ2eff/γ2 < Γ
2/γ1
the photon number in the first mode is larger than the
photon number in the second and third modes, see Fig. 5.
However, when the pump power exceeds the critical value
such that Γ2eff/γ2 > Γ
2/γ1, the photon number in the
first mode is less than one in the second and third modes,
see Fig. 5. This behavior is caused by the constructive
interference of the second and third modes. In Eqs. (5)–
(8) it reveals as existence of constant Γ23 which describes
mode overlap in the active region. Indeed, when Γ23 = 0
the effective coupling-constant Γeff = Γ and the photon
number in each mode is determined by the mode dissi-
pation rate, see denominator in Eqs. (9)–(10). However,
when Γ23 6= 0 the effective coupling constant Γeff is in-
creased by the growth of the pumping rate.
Thus, the constructive interference leads to the follow-
ing consequences. The interaction between the active
medium and the modes with the high threshold (the sec-
ond and third modes in above example) is stronger than
interaction between the active medium and the mode
with the low threshold (the first mode in above exam-
ple). As a result, the photon number is the greatest in
the modes with high threshold. Enhancement of the elec-
tromagnetic field amplitude due to the constructive in-
terference between modes we call the mode cooperation.
To estimate the influence of interference interaction
on lasing in the two-dimensional plasmonic DFB laser
let us compare the direct stimulated emission rate into
the jth mode,
∣∣∣∣∑
m
|Ωjm|2njjDm
∣∣∣∣, and the total stimu-
lated emission rate into the jth mode,
∣∣∣∣∣∑m,l |Ωjm|2njlDm
∣∣∣∣∣.
The first value corresponds to photon amplification
in the jth mode only due to stimulated emission in-
duced by the photons in this mode. The second
one, in addition, takes into account photon amplifica-
tion in the jth mode by stimulated emission induced
by the photons in other modes. We show the value∣∣∣∣∑
m
∑
l
|Ωjm|2njlDm
∣∣∣∣ / ∣∣∣∣∑
m
|Ωjm|2njjDm
∣∣∣∣ in Fig. 6. It is
seen that the influence of interference interaction is max-
imal for modes shifted from the edge of a band gap. The
6FIG. 6. The ratio of the energy flow from all atoms to
the jth mode with and without the interference terms, i.e.∣∣∣∣∑
m
∑
l
|Ωjm|2njlDm
∣∣∣∣ / ∣∣∣∣∑
m
|Ωjm|2njjDm
∣∣∣∣.
energy flow from atoms of the active medium to the these
modes is increased by interference interaction between
modes. Such increase leads to the shift of the lasing peak
away from the edge of the band gap. Thus, the cavity
modes help one another to extract energy from the active
medium. This effect is opposite to the mode competition
in conventional lasers, and therefore, justifies its name by
the mode cooperation.
Let us estimate at which conditions the mode coop-
eration can take place in the two-dimensional plasmonic
DFB laser. As it was discussed above, the reason for
the mode cooperation is interference interaction between
modes. In the Eqs. (1)–(3) the term which is responsible
for this interference is a spatial overlap of modes in the
region of the pumped active medium. If the population
inversion is equal for each atom, then the spatial overlap
of the modes in the region of the active medium can be
expressed as ∑
k,k 6=j
Γ2jknjk
γσ
+ c.c.
 D¯ (12)
where Γ2jk =
∑
m
ΩjmΩ
∗
km. In the case, when the pump
area occupies all surface of the DFB laser, Γjk = 0 be-
cause the cavity modes are orthogonal in the active area.
The interference flows between modes are mutually can-
celled. In a two-dimensional plasmonic DFB laser, usu-
ally the pump area is less than the surface of DFB laser
and the modes are nonorthogonal in the volume of pump-
ing. In this case, the interference interaction between
modes is not zero and leads to creating an additional
flow from the atoms to the modes.
Let us determine which modes give the main contri-
bution to (12). In order to do this, we note that the
inteference interaction between the jth and kth modes,
Eq. (12), is comparable with the direct energy flow from
the active medium, D¯
Γ2jjnjj
γσ
, when, firstly, |Γjk| ∼ Γjj
and, secondly, |njk| ∼ njj . The first condition is ful-
filed when the jth and kth modes lie in the same allowed
band and their Bloch wavevectors satisfy the following
inequality (see the integrand in Eq. (4)):∣∣∣~kBj − ~kBk∣∣∣ l ≤ 1 (13)
where l is the size of the pump area. The absolute value
of the interference term between the jth and kth modes is
proportional to |njk| ∼ ((γj + γl)− i (ωj − ωl))−1 while
|njj | ∼ 2(γj)−1, see Eqs. (1)–(3). Thus, the second con-
dition is fulfiled when
|ωj − ωk| ≤ γj + γk (14)
C. Comparison of one- and two-dimensional
systems
The condition (13) is satisfied for all modes in con-
sidered range of wavelength. At the same time, the
condition (14) enables to distinguish the main feature
of the radiation of the one- and two-dimensional plas-
monic DFB laser. Indeed, the number of modes which
lie in the interval (ωj − (γj + γl) , ωj + (γj + γl)) may be
evaluated as ρ (ωj) (γj + γl), where ρ(ω) is the density
of states. In the two-dimensional case, the density of
states ρ (ωj) =
d2k
dω
∣∣∣
ω=ωj
∼ kBj
(pi/L)2
dk
dω
∣∣
ω=ωj
. At the edge
of a band gap, dω/dk ∼ kBj and, as a consequence,
ρ (ωj) ∼ const [39]. At a distance from the edge of a
band gap, the ratio dk/dω slightly varies and the den-
sity of states is proportional to kBj , see Fig. 2a. Thus,
the density of states tends to a constant at the edge of a
band gap and increases in an allowed band. As a result,
the number of modes in the allowed band which satisfies
the condition (14) is larger than one at the edge of the
band gap. So the interference interaction between modes
is stronger in the allowed band. Taking into account that
the dissipation rate of the modes increases in the allowed
band, we come to the conclusion that there is the value of
frequency range in the allowed band for which the genera-
tion condition is optimal. Numerical simulations confirm
this qualitative conclusion, see Fig. 4(a)-(b).
In the one-dimensional case, ρ (ωj) ∼ (L/pi) dk/dω and
has a maximum at the edge of the band gap, where dω/dk
tends to zero [39]. As a result, the dark modes at the
edge of the band gap have the optimal condition for gen-
eration. Numerical simulations of Eqs. (1) – (3) for the
one-dimensional plasmonic DFB laser confirm above con-
clusion. The maximum of the photon number is observed
in the dark mode at the edge of the band gap both below
and above the generation threshold (see Note 5, Fig. 1
in Suppl. Mat.)
7FIG. 7. The radiation pattern of a 2D plasmonic DFB laser below (a) and above (b) the generation threshold. The dashed
lines correspond to the radiation pattern of a one-dimensional plasmonic DFB laser with the same parameters.
Thus, in the one-dimensional DFB lasers the dark
modes at the edge of the band gap are generated while in
the two-dimensional DFB lasers there are bright modes
in the allowed band.
D. The radiation pattern of the two-dimensional
plasmonic DFB laser
The existence of mode cooperation can be experimen-
tally verified by measuring the radiation pattern. As has
been noted in the Introduction, the direction of the ra-
diation depends on the ratio of the Bloch wavevector to
the wavevector in free space. Namely, the angle θx,y at
which the mode of the plasmonic DFB laser radiates is
determined by the equations
kBx,By = (2pi/λ) sin θx,y (15)
On the one hand, if the modes at the edge of the band
gap with zero Bloch wavevector are generated, then the
radiation pattern represents a narrow cone around the
normal direction. This takes place in the one-dimensional
case, when the generation takes place at the edge of the
band gap, see the green dashed curves in Fig. 7(b). On
the other hand, if the modes in an allowed band with
non-zero Bloch vector are generated, then the radiation
pattern has a maximum in a direction which is deter-
mined by the mode cooperation. Such a situation arises
above the generation threshold in the two-dimensional
case, see Fig. 7(b).
In recent experiments on plasmonic lasers [18], it
has been shown that the radiation pattern of the two-
dimensional plasmonic DFB laser is broadened with re-
spect to the prediction of standard Kogelnik theory [18].
In this theory, the laser modes, their eigenfrequencies,
and generation thresholds for the one-dimensional DFB
laser are calculated by the coupled-mode theory [40]. The
radiation pattern of the DFB laser in such a model co-
incides with the radiation pattern of the mode with the
lowest generation threshold because the given model does
not consider the interference interaction between modes
through the active medium. As a result, the predicted
radiation angle does not coincide with experiments for
the two-dimensional system.
Taking into account the mode interaction, it is shown
that in the two-dimensional plasmonic DFB lasers one
can observe mode cooperation. The influence of the
mode cooperation explains the discrepancy between the
radiation patterns calculated from the standard Kogel-
nik theory [40] and those measured in [18]. Indeed, the
mode cooperation results in changing the photon num-
ber distribution in the modes above the threshold such
that the highest photon number is in the bright modes
with nonzero Bloch wavevectors in the plane of the DFB
laser (see the blue points in Fig. 3b). This leads to a
broadening of the radiation pattern, see Fig. 7(b). In
our calculations, we use the same system parameters as
in [18]. A comparison of Fig. 7(b) in our paper and Fig. 3c
in [18] demonstrates the good agreement between our
theory and the experimental data.
IV. DISCUSSION AND CONCLUSIONS
We have presented numerical simulations and analyt-
ical analysis of the dynamics of a two-dimensional plas-
monic DFB laser. We found the photon number, the ra-
diation pattern, and the laser output on the pump inten-
sities. We have shown that the complex electromagnetic
structure and nonlinear interaction through the active
8medium leads to a new effect, namely, mode cooperation.
Two observed effects follow from mode cooperation.
The first one is a dramatic increase in the laser radia-
tion by crossing the pump threshold. This is explained
by the fact that the spontaneous emission is primarily
emitted into the dark modes below the threshold while
above the threshold, due to the mode cooperation, the
stimulated emission is mainly radiated into the bright
modes. The radiation output in such lasers has a clear
threshold. The second effect is a widening of the ra-
diation pattern. This is due to the dependence of the
radiation pattern on the Bloch wavevector of the mode.
The dark mode at the edge of a band gap has zero Bloch
wavevector and does not radiate. The neighboring modes
radiate within a narrow cone at angles close to the nor-
mal direction. Below the threshold, spontaneous emis-
sion dominates. The photon number is a maximum in
the dark mode at the edge of the band gap and slowly
decreases when the mode wavelength shifts to the allowed
band. Above the threshold, the lasing takes place in the
bright modes which have nonzero Bloch wavevectors. In
this case, above the threshold the radiation pattern has
a maximum at a nonzero angle. Since the mode cooper-
ation shifts the lasing from the dark mode to the bright
modes, this widens the radiation pattern, see Fig. 7b.
We indicated above that in [18] it was demonstrated
that the measured radiation pattern of a plasmonic DFB
laser is wider than the one which is expected from the
standard distributed feedback (DFB) theory for one-
dimensional systems with finite size [40]. Our numeri-
cal simulations show that this distinction arises owing to
mode cooperation, something which does not appear in
the one-dimensional case.
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9SUPPLEMENTARY MATERIALS
LASER MODEL
The dynamics of the electromagnetic modes of a cavity and atoms in the Markov approximation is described by
the master equation in the Lindblad form [41]
∂
∂t
ρˆ = − i
~
[
Hˆa + Hˆf + Vˆ , ρˆ
]
+ Lˆa [ρˆ] + Lˆ
e
σ [ρˆ] + Lˆ
ph
σ [ρˆ] + Lˆ
pump
σ [ρˆ] (1)
where Hˆa =
∑
j
~ωj aˆ+j aˆj is the Hamiltonian of the modes of the electromagnetic field, Hˆa =
∑
m
~ωσσˆ+mσˆm is the
Hamiltonian of the two-level atoms, and Vˆ = ~
∑
jm
Ωjm
(
aˆ†j σˆm + σˆ
†
maˆj
)
is the Jaynes–Cummings Hamiltonian of
interaction in the rotating-wave approximation. Here, aˆ+j and aˆj are the creation and annihilation operators of
photons in the jth cavity mode, σˆ+m and σˆm are the raising and lowering operators for the transition of the mth
two-level atom, Ωjm is a coupling constant between the photons in the jth cavity mode and the mth atom (this
is defined below), ωj is the eigenfrequency of the jth cavity mode, and ωσ is the atom’s transient frequency. The
term Lˆa [ρˆ] =
∑
j
γj
2
(
2aˆj ρˆaˆ
+
j − aˆ+j aˆj ρˆ− ρˆaˆ+j aˆj
)
describes the dissipation in the jth mode with dissipation rates γj ,
Lˆea [ρˆ] =
∑
m
γD
2 (2σˆmρˆσˆ
+
m − σˆ+mσˆmρˆ− ρˆσˆ+mσˆm) and Lˆpha [ρˆ] =
∑
m
γph
2
(
DˆmρˆDˆm − ρˆ
)
correspond to the energy and phase
relaxation processes with rates γD and γph , respectively, and Lˆ
pump
a [ρˆ] =
∑
m
γpump
2 (2σˆ
+
mρˆσˆm − σˆmσˆ+mρˆ− ρˆσˆmσˆ+m)
describes pumping of two-level atom with the rate γpump [41].
Using the identity
〈
A˙
〉
= Tr (ρ˙A) and the master equation (1), it is possible to derive a closed system of equations
for the expectation values for the operators Dm = 〈σˆ+mσˆm − σˆmσˆ+m〉, ϕjm =
〈−iaˆ+j σˆm〉 and njl = 〈aˆ+j aˆl〉. To this
end, we split the correlations between the average values of the number of photons and the population inversion,〈
nˆjkDˆm
〉
= 〈nˆjk〉
〈
Dˆm
〉
[42], and neglect correlations between the raising and lowering operators of different atoms,
〈σˆ+mσˆl〉 = δml
(〈
Dˆm
〉
+ 1
)
/2 [36]. As a result, we obtain the following equations [35]:
dnjl
dt
= − (γj + γl)njl + i (ωj − ωl)njl +
∑
m
(
Ωlmϕjm + Ω
∗
jmϕ
∗
lm
)
(2)
dDm
dt
= −γD (1 +Dm) + γpump (1−Dm)− 2
∑
j
(
Ωjmϕjm + Ω
∗
jmϕ
∗
jm
)
(3)
dϕjm
dt
= −γσjϕjm + i (ωj − ωσ)ϕjm +
Ω∗jm
2
(Dm + 1) +
∑
l
Ω∗lmnjlDm, (4)
where γσj = (γph + γj + (γD + γpump)/2). In Eqs. (2)–(4), Dm is the expectation value of the operator of the
population inversion of the mth atom, and ϕjm is the expectation value of the operator that describes the interaction
between the electromagnetic field in the jth cavity mode and the mth atom. njl is the expectation value of the
operator of the number of photons in the jth cavity mode when j = l, and njl is the expectation value of the operator
that describes the transition of photons from the lth cavity mode to the jth cavity mode when j 6= l. This operator
arises from the interference between the electromagnetic field in the jth and lth cavity modes [35]. In [35] it was
demonstrated that neglecting the interference terms njl results in instant propagation of the electromagnetic field.
MODE STRUCTURE OF TWO-DIMENSIONAL PLASMONIC DISTRIBUTED-FEEDBACK LASER
In a two-dimensional plasmonic lattice, the electric and magnetic fields of the eigenmodes satisfy the Bloch condition.
The eigenmodes of the 2D plasmonic distributed-feedback laser can be calculated by the coupled-mode theory [16, 17].
Within this framework the electric field is expressed as
E (r, t) = (Ex (t)ux exp (iGx) + E−x (t)u−x exp (−iGx) + Ey (t)uy exp (iGy) + E−y (t)u−y exp (−iGy)) exp (ikxx+ ikyy)
(5)
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Here, G is the reciprocal lattice vector, ux, u−x, uy, and u−y are the eigenmodes of the system without holes. Ex
, E−x, Ey, and E−y are the amplitudes of the corresponding eigenmodes and kx,y = ω/c sin θx,y, where θx,y is the
emission angle along the respective axes.
The amplitudes Ex , E−x, Ey, and E−y are found from
dE/dt = iHˆE = i
(
Hˆ0 + Vˆ
)
E (6)
where
Hˆ0 =
 ω0 γ κ κγ ω0 κ κκ κ ω0 γ
κ κ γ ω0
 , Vˆ (θx, θy) =

c2θ
2
x + c1θy 0 0 0
0 c2θ
2
x − c1θy 0 0
0 0 c1θx + c2θ
2
y 0
0 0 0 −c1θx + c2θ2y
 (7)
Here, ω0 = Gc/neff (c is the speed of light), γ and κ are scattering amplitudes, c1 = ω0/neff , c2 = ω0/
(
2n2eff
)
,
and neff is an effective refractive index [16, 17]. The eigenvectors of Hˆ estimate the amplitudes Ex , E−x, Ey, and
E−y. The values of γ, κ, c1, c2 and neff are taken from [17]. Using them, we obtain the dispersion curve for the 2D
distributed-feedback laser, see Figure 2 in the manuscript.
CALCULATION OF THE COUPLING CONSTANT
The coupling constant of the electromagnetic field with the atom of the active medium can be expressed as
~Ωim = −dm ·Ei(rm) (8)
where dm is the dipole moment of the mth atom at the transition frequency and Ei(rm) is the electric field ‘per one
quantum’ in the ith mode at the position of the mth atom. To normalize the electric field Ei(rm), we equate the
energy of one quantum to the energy of the electric field in the resonator:
~ωi =
1
8pi
∫
V
(
∂Re (εω)
∂ω
∣∣∣∣
ω=ωi
|Ei (r)|2 + |Hi (r)|2
)
d3r (9)
where ε is the dielectric permittivity of the medium.
In a two-dimensional plasmonic lattice whose surface is parallel to the xy-plane, the electric and magnetic fields
satisfy the Bloch condition,
Ei (r) = Ei exp (ikxix+ ikyiy) ei (x, y, z) (10)
Hi (r) = Hi exp (ikxix+ ikyiy)hi (x, y, z) , (11)
where ei (x, y, z) = ei (x+ Lx, y + Ly, z) and hi (x, y, z) = hi (x+ Lx, y + Ly, z) are periodic functions with plasmonic
lattice periods. Lx and Ly are the periods of the plasmonic lattice along the x-axis and the y-axis, respectively. Below
we will assume that ei (x, y, z) and hi (x, y, z) satisfy the normalization condition∫
VG
|ei (r)|2d3r =
∫
VG
|hi (r)|2d3r = VG (12)
where VG is the volume of the active medium in one cell of the plasmonic lattice.
Suppose that the area under investigation contains an integral number N of plasmonic lattice cells. Then Eq. (9)
may be rewritten as
~ωi =
N
8pi
∫
Vcell
(
∂Re (εω)
∂ω
∣∣∣∣
ω=ωi
|Ei|2|ei (r)|2 + |Hi|2|hi (r)|2
)
d3r (13)
where Vcell is the volume of the cell of the plasmonic lattice.
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To calculate the coupling constant Ωim between the field and amplifying medium, we introduce the parameter ηi.
It is determined by the ratio of the energy of the electric field of the ith eigenmode in the volume of the amplifying
medium to the total energy of this mode defined by Eq. (9):
ηi =
1
8pi~ωi
∫
VG
∂Re (εω)
∂ω
∣∣∣∣
ω=ωi
|Ei|2|ei (r)|2d3r (14)
Assuming that ∂Re (ε(r)ω) /∂ω|ω=ωi is constant in the active medium, we obtain
ηi =
1
8pi~ωi
VG
∂Re (εGω)
∂ω
∣∣∣∣
ω=ωi
|Ei|2 (15)
where εG is the dielectric permittivity of the active medium.
From Eq. (15) we express the average amplitude of the electric field in the active medium via ηi
|Ei| =
√√√√ 8pi ηi~ωi
VG
∂Re(εGω)
∂ω
∣∣∣
ω=ωi
(16)
Using Eq. (16) we can find Ωim:
Ωim =
√√√√ 8pi ηiωi
~VG ∂Re(εGω)∂ω
∣∣∣
ω=ωi
(dm · ei (rm)) exp (ikxixm + ikyiym) (17)
Eq. (17) for the coupling constant may be rewritten as
Ωim = Ω0im exp (ikxixm + ikyiym) fi (rm) (18)
where fj (rm) is a periodic function with plasmonic lattice cell period which satisfies the normalization condition∫
VG
|fi (rm)|2dV = VG (19)
and
Ω0im =
√√√√√ 8piηiωi|dm|2
~VG ∂Re(εGω)∂ω
∣∣∣
ω=ωi
(20)
For different allowed bands of the plasmonic lattice the functions fi (rm) are orthogonal to each other.
NUMERICAL SIMULATION
The number of equations (2)–(4) increases linearly with the number of atoms and increases quadraticly with the
number of laser modes. As a consequence, the simulation of a real 2D plasmonic distributed-feedback laser requires
enormous computational resources because the number of atoms in the active medium Nat ∼ 1011.
Note that the coupling constant (18) has two different spatial scales. The small one is the period of the plasmonic
lattice L ∼ 500 nm. This is the characteristic scale for the function fi (rm). The large scale is the Bloch wavevector.
Because we consider the modes near the forbidden gap, the maximal Bloch wavevector may be evaluated as k ∼
1/A ∼ (100µm)−1 where A is the size of the plasmonic lattice. Thus, we can perform an averaging over atoms which
are placed in a region which is both larger than the lattice period and smaller than the inverse value of the maximal
Bloch wavevector. For numerical simulation, we perform an averaging over one period of the plasmonic lattice. Such
averaging enables one to move to one effective atom per one cell, and decrease the total number of atoms to 103.
The averaging procedure is as follows. First, we divide the active medium into M subwavelength areas with volume
Vcell with constant atomic concentration nc. Then we perform an averaging over each area by using the equality
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Σ
m
= Σ
M
nc ∫
Vcell
. As a result, from Eqs. (2)–(3) we obtain
dnjl
dt
= − (γj + γl)njl + i (ωj − ωl)njl +
∑
M
nc ∫
Vcell
(
Ωlmϕjm + Ω
∗
jmϕ
∗
lm
)
dV
 (21)
d
dt
 ∫
Vcell
DmdV
 = −γD
Vcell + ∫
Vcell
DmdV
+γpump
Vcell − ∫
Vcell
DmdV
−2∑
j
 ∫
Vcell
(
Ωjmϕjm + Ω
∗
jmϕ
∗
jm
)
dV

(22)
In Eq. (22) we divided all terms by nc. Multiplying Eq. (4) by Ωjm, and then carrying out the atom averaging in
the area concerned, we obtain
d
dt
( ∫
Vcell
ΩjmϕjmdV
)
= − (γσj − i (ωj − ωσ))
∫
Vcell
ΩjmϕjmdV +
∫
Vcell
|Ωjm|2
2 (Dm + 1) dV
+
∑
l
∫
Vcell
(ΩjmΩ
∗
lmnjlDm) dV
(23)
In Eq. (23) we divided all terms by nc.
Let us introduce the variables ϕ˜jm =
1
Vcell
∫
Vcell
fj (rm)ϕjmdV . Assuming that exp (ikjr) weakly changes in the
averaging area, we arrive at the following equations for the variables ϕ˜jm:
d
dt ϕ˜jm = − (γσj − i (ωj − ωσ)) ϕ˜jm + Ω∗0jm exp (−ikjrm) 1Vcell
∫
Vcell
|fj(rm)|2
2 (Dm + 1) dV+
+
∑
l
Ω∗0jm exp (−iklrm)njl 1Vcell
∫
Vcell
(fj (rm) f
∗
l (rm)Dm) dV
(24)
If Dm weakly changes in the averaging area, then Eq. (24) takes the form
dϕ˜jm
dt
= − (γσj − i (ωj − ωσ)) ϕ˜jm + Ω˜∗jmβjm
(Dm + 1)
2
+
∑
l
ηjlβjmΩ˜
∗
lmnjlDm (25)
where
Ω˜jm = Ω0jm exp (ikjr) (26)
βjm =
∫
Vcell
|fj (rm)|2dV
Vcell
(27)
and
ηjl =
∫
Vcell
(fj (r) f
∗
l (r)) dV∫
Vcell
|fj (r)|2dV
(28)
If the modes are related to one allowed band, then ηjl ≈ 1, if the modes are related to different allowed bands, then
ηjl ≈ 0. Note that when the averaging area is one cell of the plasmonic lattice, then due to the normalization condition
(19), we have βjm = 1. If Dm weakly changes in the averaging area, then Eq. (22) may be rewritten as
dDm
dt
= −γD (1 +Dm) + γpump (1−Dm)− 2
∑
j
(
Ω˜jmϕ˜jm + Ω˜
∗
jmϕ˜
∗
jm
)
(29)
Eq. (21) for the variables njk contains the terms
∫
Vcell
ΩkmϕjmdV . The equation for these variables is
d
dt
( ∫
Vcell
ΩkmϕjmdV
)
= − (γσj − i (ωj − ωσ))
∫
Vcell
ΩkmϕjmdV +
∫
Vcell
ΩkmΩ
∗
jm
2 (Dm + 1) dV+
+
∑
l
∫
Vcell
(ΩkmΩ
∗
lmnjlDm) dV
(30)
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Let us set the new variable ϕ˜kjm =
1
Vcell
∫
Vcell
fk (rm)ϕjmdV . If exp (ikjrm) weakly changes in the averaging area,
then ϕ˜kjm satisfies the equation
d
dt ϕ˜kjm = − (γσj − i (ωj − ωσ)) ϕ˜kjm + Ω∗0jm exp (−ikjrm) 1Vcell
∫
Vcell
fk(rm)f
∗
j (rm)
2 (Dm + 1) dV+
+
∑
l
Ω∗0jm exp (−iklrm)njl 1Vcell
∫
Vcell
(fk (rm) f
∗
l (rm)Dm) dV
(31)
If Dm weakly changes in the averaging area as well, then Eq. (31) takes the form
d
dt
ϕ˜kjm = − (γσj − i (ωj − ωσ)) ϕ˜kjm + Ω˜∗jmηkjβkm
(Dm + 1)
2
+
∑
l
Ω˜∗lmηklβkmnjlDm (32)
Eq. (21) for njk may be rewritten as
dnjk
dt
= − (γj + γk)njk + i (ωj − ωk)njk +Na
∑
M
(
Ω˜kmϕ˜kjm + Ω˜
∗
jmϕ˜
∗
jkm
)
(33)
Here, Na is the number of atoms in the averaging area.
If the kth and jth modes lie in one allowed band, then ηkl ≈ ηjl, βkm ≈ βjm and ηkj ≈ 1. In this case we obtain
that
d
dt
ϕ˜kjm ≈ − (γσj − i (ωj − ωσ)) ϕ˜kjm + Ω˜∗jmβjm
(Dm + 1)
2
+ βjm
∑
l
Ω˜∗lmηjlnjlDm =
dϕ˜jm
dt
(34)
If the kth and jth modes lie in different allowed bands, then ηkj ≈ 0 and we obtain that
d
dt
ϕ˜kjm = − (γσj − i (ωj − ωσ)) ϕ˜kjm + βkm
∑
l
Ω˜∗lmηklnjlDm (35)
where the sum is only for modes that lie in the one allowed band with the kth mode.
Thus, to find the population inversion and the number of photons, it is not necessary to know the values of njk for
those kth and jth modes which relate to different allowed bands. The final equations have the form
dnjl
dt
= − (γj + γl)njl + i (ωj − ωl)njl +Na
∑
m
(
Ω˜lmϕ˜jm + Ω˜
∗
jmϕ˜
∗
lm
)
(36)
dDm
dt
= −γD (1 +Dm) + γpump (1−Dm)− 2
∑
j
(
Ω˜jmϕ˜jm + Ω˜
∗
jmϕ˜
∗
jm
)
(37)
d
dt
ϕ˜jm = − (γσj − i (ωj − ωσ)) ϕ˜jm + Ω˜∗jmβjm
(Dm + 1)
2
+ βjm
(∑
l
ηjlΩ˜
∗
lmnjl
)
Dm (38)
As we noted above, the parameter ηjl ≈ 1 for modes of one allowed band and ηjl  1 for modes of different allowed
bands. For numerical simulation, we use ηjl = 1 for modes of one allowed band and ηjl = 0 for modes of different
allowed bands. In other words, we take into account interference terms only for modes which lie in the same allowed
band.
Usually in plasmonic DFB lasers with a dye or semiconductor active medium, the following relation holds between
the dissipation rates, γph  γj , γD, γpump. In this case it is possible to adiabatically eliminate the variables ϕ˜jm:
ϕ˜jm = βjm
Ω˜∗jm (Dm + 1) + 2
∑
k
Ω˜∗kmnjkDm
2∆j
(39)
and rewrite Eqs. (36)–(38) in the form
dnjj
dt
= −2γjnjj +Naβjm
∑
m
∣∣∣Ω˜jm∣∣∣2γσj
|∆j |2
(2njjDm +Dm + 1) +Naβjm
∑
m,k,k 6=j
(
Ω˜jmΩ˜
∗
kmnjk
∆j
+c.c.
)
Dm (40)
14
a
-3 -2 -1 0 1 2 3
0
2
4
6
8
kxH2ΠL-1L
Ph
ot
on
n
u
m
be
r b
-3 -2 -1 0 1 2 3
0
50
100
150
200
250
kxH2ΠL-1L
Ph
ot
on
n
u
m
be
r
FIG. 8. The mode distribution of the photon number of one-dimensional plasmonic DFB laser below (a) and above (b)
generation threshold.
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FIG. 9. The radiation pattern of one-dimensional plasmonic DFB laser below (a) and above (b) generation threshold.
dnjl
dt = − (γj + γl)njl + i (ωj − ωl)njl +Na
∑
m
(
Ω˜lmΩ˜
∗
jm(Dm+1)(∆j+∆
∗
l )
2∆j∆∗l
)
+
+Na
∑
m,k,k 6=j
(
βjmΩ˜lmΩ˜
∗
kmnjk
∆j
+
βlmΩ˜kmΩ˜
∗
jmnlk
∆∗l
)
Dm
(41)
dDm
dt = −γD (1 +Dm) + γpump (1−Dm)− 2
∑
j
βjm|Ω˜jm|2γσj
|∆j |2 (2njjDm +Dm + 1)−
−2 ∑
j,k,k 6=j
(
βjmΩ˜jmΩ˜
∗
kmnjk
∆j
+ c.c.
)
Dm
(42)
where ∆j = γσj − i (ωj − ωσ).
Eqs. (40)–(42) describe the long-time dynamics of Eqs. (36)–(38). In our paper we restrict ourselves to studying
the operation of the 2D plasmonic DFB laser near stationary regimes. For this reason, we use Eqs. (40)–(42) instead
of Eqs. (36)–(38).
Eqs. (40)–(42) take into account the nonuniform distribution of the electromagnetic field and atomic polarization
and population inversion in a plasmonic lattice. They describe both the spontaneous emission of each atom to
each mode and interference between electromagnetic fields from different modes. The last two points are of great
importance for DFB lasers.
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THE MODE DISTRIBUTION OF THE PHOTON NUMBER AND THE RADIATION PATTERN OF
ONE-DIMENSIONAL PLASMONIC DFB LASER
In the main text, we apply the developed model, Eqs. (40)–(42), for a two-dimensional plasmonic DFB laser. Here,
we present the results for a one-dimensional one. In Fig. 1, the photon number in the mode with the Bloch wavevector
kx is shown. It is seen that the maximum of the photon number is in the mode with zero wavevector at the edge of
the band gap for both cases, below and above threshold. In contrast, in the two-dimensional plasmonic DFB laser
above the threshold, the maximum of the photon number is in the mode with non-zero Bloch wavevector, see Fig.4b
in the main text.
In Fig. 2, the radiation pattern of the one-dimensional plasmonic laser is shown. The radiation pattern above the
generation threshold coincides with prediction of Kogelnik theory [17]. However, in the two-dimensional case, more
accurate theory, which we presented here, as well as experimental data [17] demonstrate a wider radiation pattern,
see Fig. 7b in the main text.
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